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IN THE CANONICAL PROBLEM OF tXLE3TIA.L MECHANICS 
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[Following is t h e  translation of an a r t i c l e  by I, Do Maiseyev 

i n  Trudy Gosudarstvennogo Astro~omfcheskogo Ins t i tu ta  h. P, K. 

Shernberaa (Transactions of the  Po K. Sternberg State  Astronom- 

i c a l  Inst i tute) ,  Vol. 3, pp. 10 - 16, (1954).] 

' In t  raduc t ion 

The present a r t i c l e  is one contribution i n  o w  series of works 

devoted t o  the consideration of simplified variants on the problem of 

ce l e s t i a l  mechanics which are  obtained by averaging. More exactly, the 

present a r t i c l e  re la tes  t o  that  portion of our work which treats of the  

so-called *%nterpolatively averaged" variants of the problem of celes- 

t i a l  mechanics . 
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Section 1. Comlete Averaaiw of the Canonical Problem with Several 

Intermediate Elements 

Let a canonical problem be given which has the following equa- 

tions of motion: 

N=2H(E1;. . .tn; 91.. .qn; t). (2) 

ieular cases the! t t may or may not appear i n  the 

Hamiltonian (2) 

In addition, l e t  them be defined a set of m functions of the 
? 

&e&. elements) of the  given problem: Iss (or 
il= ct (t$ * . . :,; q*;. . * a,); ( I  == 1, 2, . . . m). (3) 

8" . 

the 2n - m rema%nh$ canoni 

'' e 

Ne solve equations (3) for t ~ r t s  "basic" canonical elements, ob- 

taining the formulas 
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Hamiltonian (2) by means of these formulas. We wkll designate the re- 

We average this transformed Wamiltonian, , mer any given 

of the f*complementary@ canonical elements, (6) . 

1. The intermediate elements (3) are considered invariant dur- 

i ng  the  integration. 

2. 

3 .  

The quantity t is considered invariant during tb integration. 

The *tcomplementaryfi canonical variables (6), w i t h  respect t o  

which the average is taken, are regarded as mutually independent var- 

iables during the  integration. 

We will describe the above averaged Hamiltonian as completely 

averaged with m intemediate elements (3). 

The "coatpletely averagedtt W l t o n i a n ,  so obtained will 
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(1 1) N N  

H = H & ; .  * .c,; t). 

ceforth regard the in%@ e elements (3) i n  this 

fornula actually as intermediate variables and Qonsider t ha t  the c o w  

pletely averaged Hamiltonian, H, depends OR ezll the  canonical elements 
# 

e el 8 (3) :  2, 

E& [C, &;. . .&; 71;. . .q,);. . . cm (61;. . . q*; t); t]. (12) 

Zet us now form the canonical dit hl. equations which are 

obtained from t h e  given equations (1) g t h e  true Hamiltonian, 

seriPled by t h i s  3sC sq@&iom (13) we w i l l  

simply call. the variant of the  given probLa~ ob%afned complete aver- 

> aging With the m intermediate elements (3). 

Hamiltonians 

It is of interest  t o  consider certain spescial cases of  inter- 

mediate elements. 

cases in which formulas (3) have the 9peaW.  f 

Deserving our primary &tention among these are the 

e- k -  1 
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are given numbers. 

In t h i s  case of l inear  intermediate elemenh, &he equations of 

d problem (14) take on t h e  i Q r m  

2 =! 1-1 

b o n g  more general special cases of i n t  tit%@ elements the 

following merit tention also: 
R 

k =  1 

are given functions of the indicated variables, 

be algebraic polynomials, etp. 

ich, for  example, RELY 
> 

It is of in te res t  $0 consider the following special cases of com- 

pletely averaged Hamiltonians with respect t o  t h e i r  dependence on the  

intermediate elements, (3). 

a )  F i r s t  among these special  casks is  that En which % takes the  

% where t he  auxiliary &ion H does not ~~p~~~ 

b) A second in is defined by %he 

f orrnula 
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AI 

where each of t he  component functions of H depends on only one interme- 

d ia te  element w i t h  corresponding subscript, a& perhaps also on t, 

I - 1  

Section 3. The .Differential Eauations for  the  Intermediate Elements 

and t h e i r  Intearation i n  Snecial Cases 

On calculating the  t o t a l  time derivatives of t h e  intennediate 

elements (3) by mans of th different ia l  equations (14,) of t h e  com- 

' pletely averaged problem, we obtain the following set of differential  

(I =: 1, . . . m). (26) 

We sM3. slcamine several special cases i n  which Is POP 

equations (26) may be found, 
F 

F i r s t  among these case8 is t h a t  i n  which there is only one in- 

termediate element, that is, in which m = 1. For this single interne- 

. . . . . . . . . . . . . . . . . . . .  I .II 

(27) -. ~ ____..- - -  -.-- 
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*J 
frequent 

In  t d c a s e  where the completely averaged Hamiltonian, H, does 

not depend on tb time, t, tha t  is in case (a)$ this integral  (28) be- 

$ 

st. (29) .. - _- - 

t us now consider tb case of an faumber of interne- 

diate  elements and l e t  us assume that the completely averaged Hamilton- 

ian is expressed by a formula of type (20). We w i l l  ken have for  the 

In  case the completely averaged Warniltoniaq is endent of 

time, tha t  is in case (24), t h i s  integral  (31) coGc&des k i th  tb energy 

integral  for the  completely averaged problem, ’ 

Let us now consider the special case of linear intermediate ele- 

ments (15). In t h i s  case t h e  different ia l  equations (26) for  t h s  inter- 

f 
m 

5- (z=1y2y...m)y (32) 

x = ( r lk  Sbk - rAk ) (33) 

dt - 
X-1 

n 

k - 1  

Equations (32) will be l inear  i n  the intermediate e l e k n t s  if  the 

completely averaged Hamiltonian, H, is quadratic i n  these same elements. 
4 
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Section 4, Internation of tb Differential Equations for  the Canoni- 

qal Elements i n  Some Special Cases 

The s e t  of different ia l  equations (U) for  the canonical ele- 

ments of the completely averaged problem may be completely or partial- 

ly integrated in closed form in certain cases. 

Such is the case, f o r  example, on completely averaging with one 

intermediate element l inear  i n  the ammicat  variables. Thus when 

d fs (as) holds, %&e the % o m  

(34) 

.. 
(a = 1, 2,. . .It). I 

I n  view of integral (28) the 15. e8 of these equations are 

kno@ functions of the time, whence the integration of t he  system may 

be easi ly  completed. 
c--cI---- 

In the s o m e a t  more complex case, m s r  1 and intermediate ele- 

the  f 

(rZ=l, 2,. . .n)* J 
From these one derives the follo see 03‘ n equations in 

(37) 
which give the P 

These allow integration of equations (35) ares , 

We now turn t o  the  case in a i c h  these is awe than one 

mediate element, If these elements are l inear  and defined by fosnnulas 

- 8 -  



(15) , the canonical elements will have different ia l  equations of type 

(17). Assuming that the number of intemediate elements, m, is l e s s  

than the t o t a l  number, Zn, of canonical variables, we may by elintin- 

a t ing the rn quantities 

write (2n - m) mut independent l inear  homogeneous equations with 

constant coefficients for the time derivatives of the canonical element 

Their Lion gives the following se t  of (2n - m) f i r s t  integrals o 

These integrals may be rrsBaritten i n  m 

(40') ' 

and 



where 

m' m 

sq1 (E') qq -t- srn f 1.1 

q-m'+  I 

( k " ~ m " + l ;  . . . n), 

are  calculable constants, since C,I and C , p  8 ~ 8  arb9trax-y cca?stants. 

The knowledge of (2n - m) such integrals permits one t o  decrease 

the order o f t h e  system of equations fo r  the canonical elements from 

2n t o  m. 

time, we may complete the integration of t h e  c a n o n i d  equations by 

quadratures whenever the  number (2n - m) of integrals (40) is not less 

than Q, tha t  is whenever m f  nI 

In  case the completely averaged Hamiltonian is independent of 

-END- 
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